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QUANTUM STOCHASTIC SEMIGROUPS AND THEIR 

GENERATORS 

V. P. BELAVKIN 


Abstract. A rigged Hilbert space characterisation of the unbounded genera¬ 
tors of quantum completely positive (CP) stochastic semigroups is given. The 
general form and the dilation of the stochastic completely dissipative (CD) 
equation over the algebra C {'H) is described, as well as the unitary quantum 
stochastic dilation of the subfiltering and contractive flows with unbounded 
generators is constructed. 


Introduction 

Quantum stochastic dynamics gives beautiful solvable models for the interac¬ 
tion of a quantum system with the quantum noise, which is produced by a heat 
bath, measurement apparatus, or any other environment with infinite number of 
freedom. It can be defined by a weakly continuous evolution semigroup on a rigged 
Hilbert space with a special unbounded form-generator, corresponding to the sin¬ 
gular boundary-type interaction. The Heisenberg picture of such interaction is 
described by the quantum stochastic Langevin equation. 

In quantum theory of open systems there is a well known Lindblad’s form PP of 
quantum Markovian master equation, satisfied by the one-parameter semigroup of 
completely positive (CP) maps over the algebra C (H) of bounded operators on the 
system Hilbert space Ti.. This is nonstochastical equation, which can be obtained 
by averaging stochastic Langevin equation for quantum flow |21 over the driving 
noises, represented in a Fock space T. On the other hand the quantum EH-flow 
corresponds to the interaction representation for a one parametric group of dynami¬ 
cal authomorphisms over £,{11® which are obviously completely positive due to 
*-multiplicativity of these representations. The authomorphisms (representations) 
give the examples of pure, i.e. extreme point CP maps, but among the extreme 
points of the convex cone of all CP maps over C, (Ti) there are not only the rep¬ 
resentations. This means a possibility to construct the stochastic representations 
of dynamical CP semigroups as averagings of pure, i.e. non-mixing irreversible 
quantum stochastic CP dynamics, which can not be driven by a Langevin equa¬ 
tion. Such irreversible dynamics, corresponding to the interaction representation 
for a dynamical CP semigroup over C{T-i® J-), are described by quantum stochas¬ 
tic flows of CP maps, which should satisfy a generalized form of Lindblad equation 
with quantum stochastic unbounded generators. 
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The examples of such dynamics having recently been found many physical appli¬ 
cations, will be considered in the hrst section. The rest of the paper will be devoted 
to the mathematical derivation of the general structure for the unbounded gener¬ 
ators of the dynamical CP semigroups, corresponding to the quantum stochastic 
CP flows over L {7i) with the noises represented in The results of the paper 
not only generalize the Evans-Hudson (EH) flows [2] from the representations to 
the general CP maps, but also prove the existence of the homomorphic dilations 
for the subfiltering and contractive CP flows. This gives the subfiltering CP flows 
as conditional expectations of EH flows, generalizing the similar representation for 
contractive CP semigroups. Here in the introduction we would like to outline the 
generalized structure of the generators on the formal level. 

As was proved in |2], every stationary quantum stochastic processes t G R+ i-^ 
A {t, a) parametrized by a S a with A (0, a) = 0 and independent increments 
dA (t, a) = A (t + dt, a) — A (t, a), forming an ltd ^-algebra 
(0.1) 

dA (a)* dA (a) = dA (a*a), ^ A^dA (a^) = dA , dA (a)* = dA (a*), 

can be represented in the Fock space ^ over the space of £ -valued square-integrable 
functions on R+ as A (t, a) = a^A)) (t) with respect to the vacuum state G 
Here 

(0.2) a^A)) (t) = alAl (t) + a;A+ (t) + a^A*. (t) + a^A^ (t ), 

is the canonical decomposition of A into the exchange A*, creation A+, annihilation 
A!_ and preservation (time) Al*! = tl processes of quantum stochastic calculus 0, 
having the mean values (A)) (t)) = tS'^6~ with respect to the vacuum state in 
5^, and £ is a pre-Hilbert space of the quantum noise in Thus the parametrizing 
algebra a can be always identified with a *-subalgebra of the algebra Q (£) of all 
quadruples a = (aO)0“)|)’*, where a)) : are the linear operators on £, = 

£,£+ = C =£-, having the adjoints ^ with the Hudson-Parthasarathy 

(HP) multiplication table |S] 

(0.3) a*b=(a«;;::, 

and the involution = aH*^, where —(—) = -I-, —• = •, —(+) = —■ 

The stochastic differential of a CP flow (f) = over an operator algebra B C 

C (H) is written in terms of the quantum canonical differentials as dcj) = (po A^dA)) 
with (pQ = i at t = 0, where i (B) = B is the identical representation of B. The 
main result of this paper is the derivation and the dilation of the linear quantum 
stochastic evolution equation 

dpt (H) -F {K*B + BK - L*j [B) L) dt = pt (L'j {B) L, - B ® 5^) dA; 

(0.4) +p^ (L*j (H) L - K'B) dA+ -h pt {L*j {B) L. - BK,) dA*., 

where j is an operator representation of S, i5* is the identity operator in £, and the 
operator K satisfies the dissipativity condition > L*L with the Hamiltonian 

part H = Im AT. This differential form for the CP flows was discovered in |Zj as the 
general completely dissipative (CD) structure of the bounded quantum stochastic 
generators Af) : H H over a von Neumann algebra B even in the nonlinear case. 
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In the matrix form A = \ written similar to the Lindblad form 

for the nonstochastic generator A = as 

(0.5) \{B) = L*j{B)L - K*B - BK. 

The dilation of the stochastic differentials for CP processes over arbitrary ^-algebras 
a and B, giving this structure for the bounded generators over a von Neumann 
algebra S as a consequence of the Christensen-Evans theorem [H], was obtained in 

I3E|. 

Here we shall prove that the quantum stochastic extension 10.511 of the Lindblad’s 
structure A (B) = L*j (B) L — K*B — BK, can always be used for the construction 
and the dilation of the CP flows also in the case of the unbounded maps AJ) over the 
algebra B = C (Ti). The existence of minimal CP solution which has been recently 
constructed under certain continuity conditions in cm proves that this structure 
is also sufficient for the CP property of any solution to this stochastic equation. 
The construction of the differential dilations and the CP solutions of such quantum 
stochastic differential equations with the bounded generators over the simple finite¬ 
dimensional Ito algebra a = Q{i^) and the arbitrary B C (H) was also recently 
discussed in miini. 

The nonstochastic case A (t, a) = atl is described by the simplest, one-dimensional 
Ito algebra a = Cd with I (a) = a G C and the nilpotent multiplication a*a = 0 
corresponding to the non-stochastic (Newton) calculus (dt) = 0 in £ = 0. The 
standard Wiener process Q = A!_ -|- A+ in Fock space is described by the second 
order nilpotent algebra a of pairs a = (a,^) with d = (1,0), ^ G C, represented 
by the quadruples = a, = ^ = a*^_, a* = 0 in f = C, corresponding 
to A (f, a) = atl -I- ^Q(t). The unital *-algebra C with the usual multiplication 
C*C = ICI^ can be embedded into the two-dimensional Ito algebra a of a = (a,C)j 
a = Z(a), C G C as a* = C; a+ = +*Ci ^7 = o-+ = C- It corresponds to 

A {t,a) = atl -I- CP (t), where P = A* -|- * (A+ — A!_) is the representation of the 
standard Poisson process, compensated by its mean value t. These two commutative 
cases exhaust the possible types of two-dimensional Ito algebras. Thus, our results 
[3[ini are also applicable to the classical stochastic differentials of completely pos¬ 
itive processes, corresponding to the commutative Ito algebras, which are always 
decomposable into the Wiener, Poisson and Newton orthogonal components. 

I. Quantum sub-filtering dynamics 

The quantum filtering theory, which was outlined in [71 \n\ and developed 
then since m, provides the derivations for new types of irreversible stochastic 
equations for quantum states, giving the dynamical solution for the well-known 
quantum measurement problem. Some particular types of such equations have been 
considered also in the phenomenological theories of quantum permanent reduction 
PI El, continuous measurement collapse UHl E], spontaneous jumps m EDI, 
diffusions and localizations EH EDI The main feature of such dynamics is that 
the reduced irreversible evolution can be described in terms of a linear dissipative 
stochastic wave equation, the solution to which is normalized only in the mean 
square sense. 

The simplest dynamics of this kind is described by the continuous filtering wave 
propagators V* (w), defined on the space fl of all Brownian trajectories as an adapted 
operator-valued stochastic process in the system Hilbert space H, satisfying the 
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stochastic diffusion equation 

(1.1) AVt + KVtdt = LVtdq, Vo = I 

in the Ito sense. Here Q {t, w) is the standard Wiener process, which is described by 
the independent increments dQ (t) = Q (t + dt) — Q (t), having the zero mean values 
(dQ) = 0 and the multiplication property (dQ)^ = dt, K is an accretive operator, 
K + > L*L, defined on a dense domain P C 7i, with = K*\'D, and L is a 

linear operator T) ^TL. This stochastic wave equation with K + K^ = L*L was first 
derived m from a unitary cocycle evolution by a quantum filtering procedure. A 
sufficient analyticity condition, under which it has the unique solution in the form 
of stochastic multiple integral even in the case of unbounded K and L is given in 
cni Using the ltd formula 

(1.2) d {v;vt) = dv;vt + u;du + dv^dv, 

and averaging (•) over the trajectories of Q, one obtains (V^Vt) < J as a consequence 
of d{Vf*Vt) < 0. Note that the process V* is not necessarily unitary if the filtering 
condition + K = L*L holds, and even if Ll = —L, it might be only isometric, 
V^Vt = I, in the unbounded case. 

Another type of the filtering wave propagator V* (w) : iIjq G H ipt (^) ^ 

given by the stochastic jump equation 

(1.3) dVt + KVtdt = LVtdP, Vo = I. 

at the random time instants u = ...}. Here L = J — I is the jump opera¬ 

tor, corresponding to the stationary discontinuous evolutions = Jip at t G to, 
and P (t, w) = N (t, to) — t is the standard Poisson process, counting the number 
N {t, w) = Iw n [0, t) \ compensated by its mean value t. It is described as the process 
with independent increments dP (t) = P (f -I- dt) — P (t), having the values {0,1} at 
dt ^ 0, with zero mean (dP) = 0, and the multiplication property (dP)^ = dP-l-dt. 
This stochastic wave equation was first derived in |23| under the filtering condition 
L*L = K + hy the conditioning with respect to the spontaneous reductions 
J : ipf I—>■ An analyticity condition under which it has the unique solution in 

the form of the multiple stochastic integral even in the case of unbounded K and L 
is also given in JOi. Using the Ito formula 11.211 with dV^dVt = V^L*LVt{dP+dt), 
one can obtain 

d {V;Vt) = V; {L*L -K-K'f) Vtdt + V; (At + L + l*L) VdP. 

Averaging (•) over the trajectories of P, one can easily find that d(V)*Vj) < 0 under 
the sub-filtering condition L*L < K + . Such evolution is not needed to be 

unitary, but in the filtering case it might be isometric, V^*Vt = I if the jumps are 
isometric, J*J = I. 

This proves in both cases that the stochastic wave function 'lp^ (to) = V (to) ipQ 
is not normalized for each to, but it is normalized in the mean square sense to the 
survival probability (HV'tlP) ^ IIV'olP = ^ decreasing probability for a quantum 

unstable system not to be demolished during its observation up to the time t. In 
the stable case (||?/'t|P) = I the positive stochastic function pt (to) = (to) |p 
is the probability density of a diffusive Q or counting P output process up to 
the given t with respect to the standard Wiener Q or Poisson P input processes 
correspondingly, in the general case this is given by the conditional probability 
density ||V’t (w) ||V(IIV^ilP)- 
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Using the Ito formula for (uj) = Vt {to) p^Vt (to)*, one can obtain the stochastic 
equations 

(1.4) dp, + {Kp, + p,K* - Lp,L*) dt = (Lp, + p,L*) dQ, 

(1.5) dp, + {Kp, + p,K* - Lp,L*) dt = {Jp,r - p,) dP, 

describing the stochastic evolution <i>t : pg i—> p, of an initially normalized density 
operator pg > 0, trpg = 1 as the stochastic density operator p,{uj) = <i>t(ta,pg), 
normalized to the probability density p, (to) = trp, (ta). The stochastic dynamical 
maps (p) = VtpV, are obviously positive but in general irreversible if V, (to) are 
not unitary, although they preserve the pure states in this particular case. 

Although the filtering equations Oil . Oil look very different, they can be 
unified in the form of quantum stochastic equation 

(1.6) dUt + KV,dt + K-V,dA_ = {J - I) UdA + L+VtdA+ 

where A+ (t) is the creation process, corresponding to the annihilation A_ (t) on 
the interval [0,t), and A{t) is the number of quanta on this interval. Indeed, the 
standard Poisson process P as well as the Wiener process Q can be represented in 
by the linear combinations |B| 

(1.7) P{t) = A{t) + i{A+(t) - A_{t)), Q (t) = A+(f) + A_ (t), 

so the equation 11.611 corresponds to the stochastic diffusion equation 11.111 if J = /, 
L_|_ = L = —K~, and it corresponds to the stochastic jump equation 11.dll if J = 
I+ L, L_|_ = iL = K~. These canonical quantum stochastic processes, representing 
the quantum noise with respect to the vacuum state |0) of the Fock space T over the 
single-quantum Hilbert space I? (K+) of square-integrable functions of t G [0,oo), 
are formally given in m by the integrals 

A_ (t) = [ a:: dr, 

Jo 

where AH, A+ are the generalized quantum one-dimensional fields in J-, satisfying 
the canonical commutation relations 

[AH, A+] =d{s-r)I, [AH, AH] = 0 = [A+, A^] . 

They can be defined by the independent increments with 

(1.8) (0|dA_|0)=0, (0|dA+|0)=0, (0|dA|0) = 0 

and the noncommutative multiplication table 

(1.9) dAdA = dA, dA_dA = dA_, dAdA+=dA+, dA_dA+= dtl 

with all other products being zero: dAdA_ = dA+dA = dA+dA_ = 0. 

The corresponding quantum stochastic equation for the density operator p, = 
Vip^V,* has the following form 

dp* + {Kp, + p,K* - Lp,L*) dt = {Jp,r - p,) dA 


A+{t)= [ A+dr, A{t)= [ A+AHdr, 
Jo Jo 


(1.10) 


+ {JPtL -K p,)dA_ + {L+ptJ* - ptK+)dA+, 
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where L = L'^,K^ = K . The equation 11 .1 OH . coinciding with either mi) or 
with mj in the particular cases, is obtained from mj by using the Ito formula 
with the multiplication table 11.nil . In the another particular case 

J=S, K- = L-S, L+ = SK+, S*S = I, 

it corresponds to the Hudson-Evans quantum stochastic flow m if 5* = S'-!. Such 
evolution is isometric, and identity preserving, VtV^* = I, i.e. unitary at least in 
the case of the bounded K and L. 

In the Heisenberg picture the stochastic dynamics is described by the dual trans¬ 
formations (j)^ {uj) = (w), such that for any density operator pg and for any 

bounded observable B on H 

tr [$' (w, B) Pg] = tr (w, pg)] . 

The linear stochastic maps B i—> Yt = (j)^{B) are obviously Hermitian in the sense 
that = Yt if B* = B and completely positive, but in contrast to the usual 
Hamiltonian dynamics, they are multiplicative, {B*C) = (j)^ [B)* (C) only in 

the case, corresponding to the HE flow, even if they are not averaged with respect to 
UJ. Moreover, they are usually not normalized, Rt (uj) := (jj^ (uj, I) ^ /, although the 
stochastic positive operators Rt = VtVt under the Altering condition are usually 
normalized in the mean, (Rt) = /, and satisfy the martingale property et [i?s] = Rt 
for all s > t, where et is the conditional expectation with respect to the history of 
the processes P or Q up to time t. The sub-filtering condition K + > L~L+ 

for the equation mil defines in both cases the positive operator-valued stochastic 
process Rt = (pt i^) & sub-martingale with Rq = /, or a martingale in the case 

K + K'< =L-L+. 

Although the Altering dynamics with unbounded coefhcients of the particular 
types has been studied elsewhere m by means of the classical stochastic differential 
equations, the general structure of such equations has not been discovered, and the 
general filtering CP flows have not been constructed. In the next sections we define 
a multidimensional analog of the quantum stochastic equation n~Tnii . and will show 
that the general structure of its generator indeed follows just from the property of 
complete positivity of the dual stochastic maps (pt = for all f > 0 and the 
normalization condition (p^ (I) = Rt to a form-valued sub-martingale with respect 
to the natural filtration of the quantum noise in the Fock space S' . 

2. Quantum completely positive flows 

Throughout the complex pre-Hilbert space 12 C is a Frechet (i.e. metrizable 
complete) space with respect to a stronger topology, £ denotes the projective 
tensor product (7r-product) with another such space £, V tp H denotes the dual 
space of continuous antilinear functionals rj' : r] G T) with respect to the 

canonical pairing {ri\r]') given by \\ri\\^ for t}' = r] € H, B (V) denotes the linear space 
of all continuous sesquilinear forms {r]\Br]) on T>, identified with the continuous 
linear operators B : T) ^ V (kernels), B^ £ B{T>) is the Hermit conjugated form 
(kernel) {ijlB^rj) = {r]\Br])*, and C(V) C B (V) denotes the algebra of all strongly 
continuous operators B : V ^ V. Any such space V can be considered as a 
projective limit with respect to an increasing sequence of norms H'ljp > Ij-H on V; 
for the definitions and properties of this standard topological notions see for example 
m The spaces V and B (V) will be equipped with w*- topologies induced by their 
preduals V and (g) X>, and coinciding with the weak topology on each bounded 
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subset with respect to a norm H-Hp. Any operator A G C[V) with A'l' £ C,{V) 
can be uniquely extended to a weakly continuous operator onto V as A^*, denoted 
again as A, where A* is the dual operator V V, {r]\A*r]') = {Ar]\r]'), defining 
the involution A A* for the continuations A : T)' ^ V. We say that the operator 
A commutes with a sesquilinear form, BA = AB if {ri\BAri) = (^A'^ri\Br]') for all 
rj G V. The commutant = {B G B {V) : [A, B] = 0,VA G A} of an operator =t=- 
algebra A C (V) is weakly closed in B {V), so that the weak closure B ’G B {V) 
of any B G A^ also commutes with A. 

Let us denote B = C {H) the algebra of all bounded operators B : H ^ H, 
||i?|| < oo, B = B{'D) means the weak closure of 13 C B{'D), and let (n,2t, P) 
be a probability space with a filtration C 21 of cr-algebras on SI. 

One can assume that the filtration 21* C 2ls,V< < s is generated by the pieces 
Xt] = {t I—> x (r) : r < t} of a stochastic process x {t, u) with independent incre¬ 
ments dx (t) = X (t + A) — X {t), and the probability measure P is invariant under 
the measurable representations co Wg G ft, A~^ = {to : to g G A} G VA £ 21 of 
the time shifts t t + s, s > 0onS2 5 ui, corresponding to the shifts of the random 
increments 

dec (t, Ws) = dec (f-I-s, w), Vw £ O, t £ R+. 

The stochastic dynamics over B with respect to the process ec (t) is described by a 
cocycle flow cj) = {4’t)t>o linear completely positive [551 w*-continuous stochastic 
adapted maps {to) : B ^ B, to G ft such that the stochastic process yt (w) = 
{ri\(j)f, {uj, B) T]) is causally measurable for each rj G V, B G B ui the sense that 
(B) G 2lt, Vt > 0 and any Borel B G<C. The maps (p^ can be extended on the 
2l-measurable functions Y : to Y (uj) with values Y (uj) G B as the normal maps 
p^ [F] (w) = (p^ {oj,Y (wt)) for almost all uj G ft, where the linear maps (p^ : B ^ B 
are defined by the normal extensions of (p^ from the positive cone onto P+, 
so that the cocycle condition (uj) o (ujr) = Pr+g (x>), Vr, s > 0 reads as the 
semigroup condition p^ [pg [F]] = p^_f_g [F] of the extended maps. As it was noted 
in the previous section, the maps p^ (oj) are not considered to be normalized to the 
identity, and can be even unbounded, but in the case of filtering dynamics they are 
supposed to be normalized, pf{uj,I) = Rt{uj), to an operator-valued martingale 
Rt = fit [Rg] > 0 with Rq (uj) = I, or to a positive submartingale, Rt > e* [Rg], Vs > 
t in the subfiltering case, where et is the conditional expectation over to with respect 
to 2lt. 

Now we give an algebraic generalization and a Fock space representation of the 
filtering (or subfiltering) CP flows for a commutative Ito algebra a, which was 
suggested in m even in the noncommutative case. 

The role of the classical process x {t) will play the quantum stochastic process 

X (t) = A I + I (S'A {t, a), Ag A,aG a 

parametrized by an Abelian *-subalgebra A G C (T>) and a commutative ltd algebra 
a. Here A (t, a) is the process with independent increment on a dense subspace 
^ G P (<£) of the Fock space F (£) over the space 0: = (R-i-) of all square- 

norm integrable P-valued functions on IR+, where £ is a pre-Hilbert space of the 
representation a £ a {^v)u=+'l ^-algebra a. Every commutative Ito 

*-algebra is the sum a = Cd -|- ao -f ai of the Wiener and Poisson algebras Cd -I- Oq, 
Cd + tti, such that each a G a has the unique decomposition a = I {a) d + b + c. 
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where d is the death of a, 6 £ ao is defined by the conditions 
5; =l{b) = 0, h\ = j (b) = 0, 

and c £ ai is orthogonal to 6: 6c = 0 = cb, defined by the condition c* = 0 => = 

0 = c7. Thus the space £ is decomposed into the orthogonal sum £o(B£iQ)£± with Sq 
generated by k (ao), £i generated by k (ai), and £± is the orthogonal complement, 
which is zero if £ is the minimal space of the representation of a. 

Assuming that £ is a Frechet space, given by an increasing sequence of Hilbertian 
norms ||e*|| (^) > ||e*||, £ N, we define ^ as the projective limit n^F (C:,^) of the 

Fock spaces F (d, C F (£), generated by coherent vectors /®, with respect to the 
norms 

(2.1) 

/ OO -| / nOO \ Tl 

||r(r)f (e)dr:=^^l^ H/-(t) f (0 dt j 

Here /® (r) = /* (t) for each /* £ £ is represented by tensor-functions on the 

space F of all finite subsets r = {ti, C R_|_. Moreover, we shall assume that 

the Ito algebra a is realized as a *-subalgebra of Hudson-Parthasarathy (HP) algebra 
Q{£) of all quadruples a = aj £ £(£), strongly representing the 

★-semigroup 1 -I- a on the Frechet space £ by projective contractions 6* -I- a* G £(£) 
in the sense that for each ( £ N there exists ^ such that ||e* -I- a*e*|| (C) < ||e*|| (f) 
for all e* £ 5. The following theorem proves that these are natural assumptions 
(which are not restrictive in the simple Fock scale for a finite dimensional a.) 

Proposition 1. The exponential operators W {t,a) =: exp [A (t, a)] : defined as the 
solutions to the quantum ltd equation 

(2.2) dWt{g) = Wt{g)<iK{t,g{t)), Wo{g) = I,g{t) G a 

with g ft) = a, are strongly continuous, W ft, a) G CfS), iff all a* = 6* -f a* are 
projective contructions on £. They give an analytic representation 

(2.3) Wft,aira)=Wft,a)*Wft,a), W{t,Q)=I, W ft,d) = eH 

of the unital -k-semigroup 1 -I- a for the ltd -k-algebra a with respect to the -k-product 
a-ka = a +a* a +a*. 


Proof. The solutions W {t, a) are uniquely defined on the coherent vectors as ana¬ 


lytic functions 
(2.4) 

W ft, a) f® fr) = (s;/* (r) -H a\) exp 



(a. /' (r) -H a+) dr 


>,r>t 


/• (0 , 


which obey the properties see for example |3]. Thus the span of coherent 

vectors is invariant, and it is also invariant under W ft, a)* = W {t, a*). They can be 
extended on by continuity which follows from the continuity of Wick exponentials 
®a* for the projective contractions dl G £ , and boundedness of a\ G £, a~ G £'. | 


Let D denote the Frechet space generated by V' = g® f®, g GV, /* £ £. 

Assuming for simplicity the separability of the Ito algebra in the sense £ G Ip- 
such that /* = one can identify each ip' G with a sequence of V- 

valued symmetric tensor-functions ip'mi,...,m„ (^ii ■■■tn), n = 0,1, 2,... . Let (®t)t>o 
be the natural filtration and (S[t)f^Q be the backward filtration of the subspaces 
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Dt = V 1^1 S[t = 2^ <8 i?[t generated by 77 (gi /® with /* G G:* and /* G £[* 
respectively, where (£t = L|[0,t), 2:[t = L|[t, 00 ) are embedded into 2:. The spaces 
St, S[t of the restrictions Etip = 'f/’lTt, onto Ft = {rt =Tn [ 0 ,t)}, 

Fft = {r[f = tD [t, 00 )} are embedded into S by the isometries Ej : ij} i—* ' 0 ^, 
eI^ : 0 1 -^ as 0 t (r) = 0 (rt) (r[t), 0 [t (r) = (rt) 0 (r[t), where ^0 (r) = 1 if 
r = 0, otherwise i 50 (r) = 0. The projectors Et, if[t onto St, S‘ are extended onto S' 
as the adjoints to Ej, Ej^. The time shift on S' is defined by the semigroup 
of adjoint operators T* = to Tt0 (r) = 0 (r + t), where r+t = {ti + t,..., + t}, 
0+t = 0, such that T*0 (r) = {rt) 0 (rjt — t) are isometries for 0 G S onto S[t. A 
family (Ztj^^Q of sesquilinear forms (0|^t0) given by linear operators Zt : S —> S' 
is called adapted (and (■^*)t>o is called backward adapted) if 

(2.5) Zt (77 ® /®) = 0' ® if[t/® (^* {v ® /®) = V'' ® , V 77 G S, /• G £, 

where 0' G S( (SJJ and if[t (Et) are the projectors onto j?[t (l?f) correspondingly. 

The (vacuum) conditional expectation on B (T)) with respect to the past up to a 
time t G K+ is defined as a positive projector, e* (Z) > 0, if Z > 0, Ct = etocs. Vs > t, 
giving an adapted sesquilinear form Zt = e* (Z) in (12.511 for each Z G B (S) by 
0' = EtZEltp, where 0 = 77 (g Etf®. The time shift on .B(S) is uniquely 

defined by the covariance condition 0* (Z) T* = r‘Z as a backward adapted family 
Z* = 6 »*(Z),t > 0 for each Z G ^(S). As in the bounded case |S] between 
the maps et and 0 * we have the relation O'" o Cg = e^+s o 0"^ which follows from 
the operator relation T'^'Es = Er+sT''. An adapted family of positive 

(0|Mt0) > 0, V0 G S Hermitian M} = Mt forms Mt G B (S) is called martingale 
{submartingale) if et {Mg) = Mt {et {Mg) < Mt) for all s > t > 0. 

Let IB denote the space of all 1" G /B (S), commuting with all X = {X {t)} in 
the sense 


AY = YA, VA G A, YW {t, a) = W {t, a) Y, Vt > 0, a G a, 

where A{r]® g}) = Arj^ip, W {rj ^ ip) = rj^Wp, and the unital ^-algebra B C £ {H) 
be weakly dense in the commutant A‘' (we can take B = £ {H) only if A = 0, 
corresponding to X (0) = 0.) The quantum filtration (^t)t>o is defined as the 
increasing family of subspaces IBt C < s of the adapted sesquilinear forms 

It G IB. The covariant shifts 9* : Y Y* leave the space IB invariant, mapping it 
onto the subspaces of backward adapted sesquilinear forms F* = 6* (F). 

The quantum stochastic positive flow over B is described by a one parameter 
family 0 = {4>t)t>o linear w*-continuous maps (ft ■ B ^ ^ satisfying 

(1) the causality condition 0^ {B) C *Bt, VS G B,t G R+, 

(2) the complete positivity condition [0^ {Bki)] > 0 for each t > 0 and for any 
positive definite matrix [Bki] > 0 with Bki G B, 

(3) the cocycle condition 0,. o0s = 0r+s, Vt, s > 0 with respect to the covariant 
shift (t>l = e'' o(f^. 

Here the composition o is understood as (f^ [0s {B)] = (f^+g {B) in terms of 
the linear normal extensions of 0^ [5 (g Z] = 0^ {B) Z* to the CP maps 05 ^ 05, 
forming a one-parameter semigroup, where B G B, (ft '■ B ^ 05t are the normal 
extensions of (ft, Z* = 9* (Z), Z G B{^). These can be defined like in classical 
case as (ft [F] (/*, /') = 0^ (/*, F {ff, ff) , /*) with ff {r) = f {t + r) by the 
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coherent matrix elements Y (/*,/*) = F*YF for y G IB given by the continuous 
operators F : rj ^ ip^ = rj ® , r] T) ior each /* G with the adjoints 

= fr<t /® (^)* i’’ (^) for iP' G S'. 

The flow is called (sub)-filtering, if Rt = 4>^ (I) is a (sub)-martingale with Rq = I, 
and is called contractive, ii I > Rt > Rs for all 0 < t < s G M+. 

Proposition 2. The complete positivity for adapted linear maps (j>t : B B (S)) 
can be written as 
( 2 . 6 ) 

/Aei£t B.CeB 

(the usual summation rule over repeated cross-level indices is understood), where 
f,B ~ f* = /* B = Bk with /* G €t,Bk € B, k = 1,2,..., otherwise 
= 0, and ft {B,n = <Pt {B)F, ft {r,B) = F*Pt {B). 

Proof. By definition the map p into the sesquilinear forms is completely positive 
on B if (Bki) > 0 whenever {rj’^lBki'i]'') > 0, where ri^,ip^ are arbitrary 

finite sequences. Approximating from below the latter positive forms by sums of 
the forms {v’^lBfBur]'^') > 0, the complete positivity can be tested only for the 
forms Y.ki (v^lBlBip^) > 0 due to the additivity (p {T.^B*uB^l) = {B*y^Ba). 

If <pt is adapted, this can be written as 

E {Xb\(> {B*C) Xc) = [BlBi) !/>'):= E (B^Bi) > 0, 

B.CeB k,l 

where Xb = ^ B = Bk € B, otherwise Xb = 0 - Because any ip G Tit can 

be approximated by a P-span X)/^7^ <8i /®of coherent vectors over /* G €t, it is 
sufficient to define the CP property only for such spans as 

o<EE ) = EE(^^ \cP{f,B*C,h-)ec)- 

f,h B,C f,h B,C 


Note that the subfiltering (Hltering) flows can be considered as a quantum sto¬ 
chastic CP dilations of the quantum sub-Markov (Markov) semigroups 9 = (0t)t>o’ 
Or o 9s = 9r+s in the sense 9t = eo where e (T) rj = EYpQ, Ep' = p' (0) ,'^p' G 
T', with 9s (/) < 9t (/) < I {9t (/) = I), Vt < s. The contraction Ct = 9t (/) 
with Co = I defines the probability {ri\Ctri) < 1, Vr; G H, ||? 7 || = 1 for an unstable 
system not to be demolished by a time t G M+, and the conditional expectations 
(q\ACtri) / (lylCtiy) of the initial nondemolition observables A G A in any state 
r] G F, and thus in any initial state po G rj ® Sq,. The following theorem shows that 
the submartingale (or the contraction) Rt = pt (d) is the density operator with 
respect to pQ = rj S(/), rj G H {or with respect to any p G TL also for the 
conditional state of the restricted nondemolition process Xt] = {r X {r) : r < t}. 

Theorem 3. Let t ^ Rt G ‘^t he a positive (sub)-martingale and (gt)t>o 
increasing family of -k-semigroups gt of step functions g : K.+ —> a, (/ (s) = 0, Vs > t 
under the -k-product 

(2.7) 


{gk k gi) {f) = gi {t) -b gk {tf gi {t) + gk {t) 
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of = gk*0 and gi = 0* gi. The generating function dt (g) = e [RtWt ( 5 )] of the 
output state for the process A (t), defined for any g G Qt and each t > 0 as 

( 2 . 8 ) {g\-dt {g) T]) = {fio\RtWt (g) fio) ^ 

is B'^-valued, positive, dt > 0 in the sense of positive definiteness of the kernel 

(2.9) > 0, Vgfe e G P, 

and "dt > in this sense for any s >t. If Rq = I, then dg (0) = I > dt (0) , and 
if Rt is a martingale, then dt = for any s >t, and dt (0) = I for all t G K+. 
Any family d = (i?t)(>Q of positive-definite functions dt : Qt ^ satisfying the 
above consistency and normalization properties, is the state generating function of 
the form lO) iff it is absolutely continuous in the following sense 

(2.10) lim ^ {g * h) = 0, 

n —»-oo • ^ n —>00 • ^ 

a&st g,h€gt 

where g® (t) = ®t£Tg+ {t) and 77 ® = 0 for almost all g (i.e. except for a finite 
number of g G Qt)- 

The proof is given in cni even for the general (noncommutative) algebras A and 

a. 


3. Generators of quantum CP dynamics 

The quantum stochastically differentiable positive flow is defined as a weakly 
continuous function t ^ 4>t with CP values fit : B ^ St, fig {B) = B ® I,\/B G B 
such that for any product-vector fij =77®/® given by 77 G P and /* G C: 

(3.1) ^^{fij\fit{B)fif) = {fif\fit{\{f{t),B,r{t)))fif), BgB, 

where A (e*, B, e*) = A (i?) -|-e,A* {B)-\-X, (B) e* -|-e,A* {B) e*, e, = e* is the linear 
form on £ with e* = e* G £ and {fij:\fiQ {B)'fif) = (771577) exp ||/*||^. The generator 
A (5) = A (0,5,0) of the quantum dynamical semigroup 9t = e o fit is a linear 
w*-continuous map 5 1—> A (5) G A‘^, A* = A], is a linear w*-continuous map given 
by the Hermitian adjoint values A, (5*) = A* (5)^ in the continuous operators 
£ — > and A* : B ^ B {V 0 £)is a w*-continuous map with the values A* (5) 

given by continuous operators £ ® The differential evolution equation 

eu for the coherent vector matrix elements (V'/l'/’t V'/) corresponds to the Ito 

form of the quantum stochastic equation 

(3.2) d</.,(5)=</.*oA0(5)dA;::=^</.,(A0(5))dA;, 5 g5 

with the initial condition fi^ (5) = 5, for all B € B. Here A)) are the flow generators 
Aj] = A, A^ = A*, X~ = A,, A*, called the structural maps, and the summation 
is taken over the indices /i = —, •, p = -I-, • of the standard quantum stochastic 
integrators Af. For simplicity we shall assume that the pre-Hilbert Frechet space 
£ is separable, £ Then the index • can take any value in {1,2,...} and A}) (t) 

are indexed with p, G { —, 1, 2,...}, v G {-b, 1, 2,...} as the standard time Aj} (t) = tl, 
annihilation A™ if) , creation A+ {t) and exchange-number A™ {t) operator integra¬ 
tors with 777 ,77, G N. The infinitesimal increments dAf) [t) = A\fi (df) are formally 
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defined by the HP multiplication table [H] and the * -property m, 

(3.3) dA“dA^ = ^^dA;;, A* = A, 

where is the usual Kronecker delta restricted to the indices a S {—,1,2,...}, 
/3 G {-I-, 1, 2,...} and A*'} = with respect to the reflection —(—) = -I-, -(-!-) = — 
of the indices only. 

The linear equation 1 S 21 ) of a particular type, (quantum Langevin equation) 
with bounded finite-dimensional structural maps was introduced by Evans and 
Hudson [2] in order to describe the ^-homomorphic quantum stochastic evolutions. 
The constructed quantum stochastic ^-homomorphic flow (EH-flow) is identity pre¬ 
serving and is obviously completely positive, but it is hard to prove these algebraic 
properties for the unbounded case. However the typical quantum filtering dynam¬ 
ics is not homomorphic or identity preserving, but it is completely positive and in 
the most interesting cases is described by unbounded generators AJ). In the general 
content the equation lES was studied in m, and the correspondent quantum sto¬ 
chastic, not necessarily homomorphic and normalized flow was constructed even for 
the infinitely-dimensional non-adapted case under the natural integrability condi¬ 
tion for the chronological products of the generators Aj) in the norm scale 12.1 |l . The 
EH flows with unbounded Aj), satisfying certain analyticity conditions, have been 
recently constructed in strong sense by Fagnola-Sinha in m for the non-Hilbert 
class L°° of test functions /*. Here we will formulate the necessary differential 
conditions which follow from the complete positivity, causality, and martingale 
properties of the filtering flows, and which are sufficient for the construction of the 
quantum stochastic flows obeying these properties in the case of the bounded AJ). 
As we showed in |2], the found properties are sufficient to define the general struc¬ 
ture of the bounded generators, and this structure will help us in construction of 
the minimal completely positive weak solutions for the quantum filtering equations 
also with unbounded A^. 

Obviously the linear w*-continuous generators : B ^ A‘^ for CP flows = (j)t, 
where (f)l (B) = (j)^ [B*)\ must satisfy the * -property A* = A, where A**}, = A)}},, 
Aj)* {B) = Aj) (B*)* and are independent of t, corresponding to cocycle property 
(j)g o (j)^ = (j)s+r^ where (j)^ is the solution to H3.2II with Af) (t) replaced by (t), 
and A}^ (/) = 0 if is a filtering flow, (!) = /, as it is in the multiplicative case 
[2]. We shall assume that A = (A0)0“{)’J for each B* = B defines a continuous 
Hermitian form b — \ {B) on the Frechet space V © ©>,, 

(rjl M) = E + E + E - 

m,n m n 

where rj G V, rj* = G V, = V ® £. We say that an Ito algebra a , 

represented on £, commutes in HP sense with a b, given by the form-generator A 
if {I ®a^)bl = ht (/ © a*) (For simplicity the ampliation I ® a'p will be written 
again as aj).) Note that if we define the matrix elements aj), bj) also for ^ = + and 
^ = —, by the extension 

a+ = 0 = a^, A+(H) = 0 = A(} (H), ^aGa,BGB, 

the HP product (Toil of a and h can be written in terms of the usual matrix 
product ab = of the extended quadratic matrices a = and 

b =bg, where g = . Then one can extend the summation in (linil so it is 
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also over ^ = +, and p = —, such that is written as the trace b-dA over all 

/i, v. By such an extension the multiplication table for dA (a) = a-dA , dA ( 6 ) = 
b-dA can be represented as dA (a) dA (&) = ab-dA, and the involution b b*, 
defining dA(&)^ = b*-dA, can be obtained by the pseudo-Hermitian conjugation 
= 9atJ,b ^*respectively to the indefinite Minkowski metric tensor g = [ 5 ^^] 
and its inverse g~^ = [ 5 ^^]) given by = 5 ^^. 

Now let us find the differential form of the normalization and causality condi¬ 
tions with respect to the quantum stationary process, with independent increments 
dA (t) = X {t + A) — X (s) generated by an Ito algebra a on the separable space £. 

Proposition 4. Let (j) be a flow, satisfying the quantum stochastic equation Vi. ill) . 
and [Wt (g ), </>( (-B)] = 0 for all g G Q, B G B. Then the coefficients bf = Xf (B), 
fj, = 1 / = +,•, where • = 1,2, written in the matrix form b = 

commute in the sense of the HP product with a = for all a G a and 

BgB: 

(3.4) [a,b]--={<bl-h>:aXT+:=^- 

Proof. Since e* (/) — <))( (/)) is a negative Hermitian form, 

e* (dp, (/)) = Q iP, (AO (J)) dAO) = Pt (a; (/)) dt < 0. 

Since Yt = (f>^ (B) commutes with Wt (g) for all B and g {t) = a, we have by virtue 
of quantum Ito’s formula 

d [Pi, m] = [dFt, Wt] + [Yt, dm] + [dYt,dWt] = 0. 

The equations (loi . ins and commutativity of a]) with Yt and Wt imply 
{[Pt (bf) , m] + [At, <m] + </>* (bf) alWt - afWtPt (& 0 )) dA^ 

= Wt (Pt (b^) < - afPt (bl)) dAO = WtPt {b^,< - a^bl) dA^. = 0. 

Thus a»b = b»a hy the argument ^ of independence of the integrators dAf. | 

In order to formulate the CP differential condition we need the notion of quantum 
stochastic germ for the CP flow p at t = 0. It was defined in isnEi, for a quantum 
stochastic differential lid.211 with (pQ (B) = B,\/B G B as Y i^, where AO 

are the structural maps B ^ {B) given by the generators of the quantum Ito 

equation and if; : B ^ B6f is the ampliation of B. Let us prove that the 
germ-maps 7 O of a CP flow p must be conditionally completely positive (CCP) 
in a degenerated sense as it was found for the finite-dimensional bounded case in 
[ziini. Another, equivalent, but not so explicit characterization was suggested for 
this particular case in m 


Theorem 5. If p is a completely positive flow satisfying the quantum stochas¬ 
tic equation El) with pQ {B) = B, then the germ-matrix 7 = (AO + *0)[(=+’r 
conditionally completely positive in the sense 

^.(B)Cb = 0=^ ^ {Cb\i{B*C)Cc)>Q- 

BeB B,ceB 


Here C G P © P.,2A. =V®£, and l = (tO)[(=+’r ^be degenerate representation 
if (B) = BS'^St, written both with 7 in the matrix form as 


7 = 


7 

7 * 



l{B) 


B t)\ 

0 0 J ’ 


( 3 . 5 ) 
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where j = \+, 7 "* = A+, 7 „ = A„ , with (B) = BS]!^ such 

that 

(3.6) 7(i3*)=7(B)% 7"(i?*)=7„(i3)% (B*) = {B)* . 

If (j) is subfiltering, then D = —A^ (/) is a positive Hermitian form, {ri\Dri) > 0, 
for all rj € V, and if cj) is contractive, then D = —A (/) is positive in the sense 
{r)\Dr}) > 0 for all rj G V (B B,. 

The proof is given in [ 3 IID 1 even for the general (noncommutative) algebras a 
and A. 

Obviously the CCP property for the germ-matrix 7 is invariant under the trans¬ 
formation 'y ip given by 

(3.7) p{B)=j{B) + l{B)K + K*l{B), 

where K = (i^'))DZ+;; is an arbitrary matrix of £ C{V) with = Kf*^. 
As was proven in for the case of finite-dimensional matrix 7 of bounded 7 O, 

see also m, the matrix elements can be chosen in such way that the matrix 
map p = becomes CP from B into the quadratic matrices of (B). 

(The other elements can be chosen arbitrarily, say as = 0, ATJ = because 
does not depend on K^,Kl.) Thus the generator A = 7 — 2 for a quantum 
stochastic CP flow (p can be written (at least in the bounded case) as p — iK — K*i: 


(3.8) K (B) = < (B) - B + 5^_K,) - {^S^J + K>^St) B, 

where p^ : B ^ B{T>) are matrix elements of the CP map p and K,y G B(V), 
K~ = K’f, AT™ = Now we show that the germ-matrix of this form obeys the 
CCP property even in the general case of unbounded K~, pf {B) G B (V). 


Proposition 6 . The matrix map 7 = (7O)0^_,.’J given in by 


(3.9) = 




with p = = p'ff, 


degenerate representation l 


and K = 


K K, 
0 -P 

u 2^9 


K* 


K* 0 \ 

k: \i: J 


Tn — Tn Tff = 7 ™ is CCP with respect to the 
= ('^-'5^,) where i{B) = B, if p is a CP map. 


Proof. If L {Bk) r]^ = 0, then 


{rj'^\LiB*kBi)K + K*L{BlBi)rj^) 


= 2Re {l (Bk) (Bi) Kt]^) =0. 

Hence the CCP for 7 is equivalent to the CCP property for and follows from 
its CP property: 

{v^h{B*kBi)rj^) = {ri^\p{B*kBi)ri^)>0 

for such sequences r]^ GV ®V,. 
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4. CONSTRUCTION OF QUANTUM CP FLOWS 

The necessary conditions for the stochastic generator A = of a CP 

flow at t = 0 are found in the previous section in the form of a CCP property for 
the corresponding germ 7 = In the next section we shall show, these 

conditions are essentially equivalent to the assumption lEH), corresponding to 

(4.1) (B) = {B) - K*^B = jliB), jiB)=ip{B)-K*B-BK, 

where (p — is a CP map with = 7 ™. Here we are going to prove under 

the following conditions for the operators K, K, and the maps that this general 
form is also sufficient for the existence of the CP solutions to the quantum stochastic 
equation (IQ) . We are going to construct the minimal quantum stochastic positive 
flow B I—> (j)t{B) for a given w*-continuous unbounded germ-matrix map of the 
above form, satisfying the following conditions. 

(1) First, we suppose that the operator K G B {V) generates the one paramet¬ 
ric semigroup (e~^*)t>o’ of continuous operators 

g-Kt g £ strong sense 

lim - (/ — 71 = Kn, Vn G V. 

t\o t ^ ' 

(A contraction semigroup on the Hilbert space TL ii K defines an accretive 
K + iff > 0 and so maximal accretive form.) 

(2) Second, we suppose that the solution S'",!! G N to the recurrence 

pt 00 

Sr+i = S° - / ^ KmSZdAZ^, S° = S“, 

•^0 rn=l 


where Sf = ®Tt & C {D) is the contraction given by the shift co¬ 

isometries Tt : S’ ^ S', strongly converges to a continuous operator St G 
£ {£}) at n —s- 00 for each t > 0. 

(3) Third, we suppose that the solution i?”,n G N to the recurrence 


R 


n+1 


= s:st + f dA;: (r, s,), 

JO 


dO _ c* c 

Hi. — Of Dt 


where the quantum stochastic non-adapted integral is understood in the 
sense EH, weakly converges to a continuous form Rt G B (£>) at n —> 00 
for each t > 0. 


The first and second assumptions are necessary to define the existence of free 
evolution semigroup S° = and its perturbation S = {St)tyQ on the product 

space J) = X> (g) S in the form of multiple quantum stochastic integral 
(4.2) 


St = s° + J2 (- 1 )' 


(t - tn) • • • it2 - h) 5° dA™^ • • • dA™' 


n—1 




iterating the quantum stochastic integral equation 

pt 00 


- ^ i^m(t-r)5.dA™, So = I, 


'0 m=l 


(4.3) 


= S° 
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where Km (t) = {Km 0 /)■ The third assumption supplies the weak convergence 
for the series 


(4.4) 

Rt = s:st + J2 [ ■ ■ ■ [ (^ 1 ’ • ■ • ’ 

n — ^ 


(ti, . ■ ■ ,tn, 


of non-adapted n-tuple integrals, i.e. for the multiple quantum stochastic integral 
[!rr| with 

(4.5) (tu- {h, ■ ■ ■ ,tn-l) O <^0;: {tn - tu-l) , 

where (/s') (t, B) = {B) Sf 

The following theorem gives a characterization of the evolution semigroup S in 
terms of cocycles with unbounded coefficients, characterized by Fagnola |221 in the 
isometric and unitary case. 


Proposition 7. Let the family V° = be a quantum stochastic adapted 

cocycle, VfTsVf = TgVffg, satisfying the HP differential equation 

OO OO 

(4.6) dVf + KV^dt + ^ KmVfdkf^ + E = 0, = I- 

m—1 n—1 

Then St = TtVf is a semigroup solution, SrSs = S'r+s to the non-adapted integral 
equation such that Stiff = St {f*)il 0 des,^ri ^ V on iff = -q ® f® with 

/* S Git- Conversely, if S = iSt)t^Q is the non-adapted solution \4-‘^ to the 
integral equation \4-S{l , then Vf = Tf St is the adapted solution to defined as 

Vfift = St (/*)?7,V77 e V, where St (/*) = F*StF is given by Fq = q ^ f® with 
/* e <£t. 

Proof. First let us show that the equation (lOll is equivalent to the integral one 
Vf = e-^* ® /* - / V (e-^^^-^'>Km ® /[_ J VfdAff, = I, 

•to m=l ^ ^ 

where It = T^Tt = is the decreasing family of orthoprojectors onto U[t, and 

If = (Is). Indeed, multiplying both parts of the integral equation from the left 

by 0 l) and differentiating the product at t = s, we obtain (14.611 

by taking into account that dit + 4tdA” = 0 and dA^dA™ = 0. Conversely, 

the integral equation can be obtained from 114.611 by the integration: 

Vt°-e-^^®It = J 

g-A(t-r) ^ ^ ^ C^dAI) 

(^K,^If_,)VfdA’_, 

where we used that d/ (r) = I (r) dA* and d (/ (r) Vf) = dl (r) Vf + I (r) dl^° for 
the backward-adapted process I (r) = Il_^,'ir < t. The non-adapted equation (Oil 
is obtained by applying the operator Tt = Tt-rTr to both parts of this integral equa¬ 
tion and taking into account the commutativity of Km with T^. Moreover, 
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due to the adaptiveness of V^°, St'ipf = Tt ® = St (/*) rj ® /®, 

where /® = Ttf®, and St (/*) = EV^F is the solution to the equation 

St in = + f (r) 5. (/') dr, 5o (/') = /. 

Jo 

Hence StF = E*St (/*) if /* G £t, and F*StF = St (/*) as EF = I. Since this 
equation is equivalent to the differential one 

(4.7) ±Stinv + iK,rit) + K)Stinv = 0, Soinv = V, V7?gP, 

the function 1St (/*), /* G £ is a strongly continuous cocycle, 


Srinssin = Sr+sinnr,s>o, /;(t) = r(t+s), Soin = i. 

As was proved in m, the multiple integral (lOl gives a solution to the integral 
equation ss, and so the multiple integral for V^f = St (/*) rj ® /®, 


St in = + 


E 

n—1 


i-iy 


K it,tn) ■ ■ ■ K it 2 ,ti)e 


’ d^T, 




where AT (t, r) = e (r), corresponding to the iteration of the integral 

equation for V)° on tpj:, satisfies the HP equation 14.till . | 


The following theorem reduces the problem of solving of differential evolution 
equations to the problem of iteration of integral equations similar to the nonstochas¬ 
tic case IS31E31 

Proposition 8. Let St = TtV^, where V)° G >C(S)) are continuous operators defin¬ 
ing the adapted eoeycle solution to the equation Then the linear stochastic 

evolution equation is equivalent to the quantum non-adapted (in the sense of 

m) integral equation 

(4.8) fit iB) = SfBSt + f dKl (r, fi, [pf (S^BSt-r)]) 

Jo 

with fiiQ iB) = B £ B, where (p(; are extended onto IB in the normal way by w*- 
continuity and linearity as pf iB ® Z) = ^0 (H) ® Z for B € B, Z € B (S^). 

The proof is given in P^ITTij. 


Theorem 9. Let tp be a w*-continuous CP-map, and St = TfVfi be given by 
the solution to the quantum stochastie equation Then the solutions to the 

evolution equation fO) with the generators, corresponding to have the CP 

property, and satisfy the submartingale (contractivity) condition fit (/) < e* [ijij, (/)] 
for all t < s if p il) < K + A'l (fitil) < fisi^) ‘fi^) ^ The minimal 

solution can be constructed in the form of multiple quantum stoehastic integral in 
the sense |2] as the series 

(4.9) 


(^) = E 




(tl, . . . , t„, pflpf^ (tl, . . .,tn,Sf_t^BSt-t„)) 


n—0 




of non-adapted n-tuple CP integrals with SfBSt at n = 0 and 


iti,--.,tn) = pi)) (tl)o pi)^ (t2-h)o...o pi)^ (t„-t„_i) 
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where (t,B) = {B)St. If p> is bounded, then the solution to the equation 

is unique, and (j)^ (/) = et [</>s (/)] for all t < s if K + = ^>{1) ((f>til) = I if 

K + K^ =<p{I)). 

The proof is given in p^nrij. 


5. The structure of the generators and flows 


First, let us prove the structure (TTini for the (unbounded) form-generator of CP 
flows over the algebra B = C {Ti) of all bounded operators, assuming that ^ = 0. 
This algebra contains the one-dimensional operators \ri'){ri^\ : rj i-^ {rj^lri} rj' given 
by the vectors 77 °, ry' £ H. 

Let us fix a vector rf £ 0 T>, with the unit projection 77 ° £ ||? 7 °|| = 1, and 

make the following assumption of the weak continuity for the linear operator 77 ' 1 —> 
7 dry')(77°!) 77°. 

0) The sequence 17(1 = 7 {Wn)\) 17 ° £ 2^^ © Hi of anti-linear forms 
T]£V®V,^ {t]\t]'„) := (r7|7 {\r]'^) {r]°\) V°) 
converges for each sequence r]'^ £ H converging in 2 ?' 3 72. 


Proposition 10. Let the CCP germ-matrix satisfy the above continuity condition 
for a given rp. Then there exist strongly continuous operators K £ C (T >), K, : 
2?, — > 2? defining the matrix operator K in iTO) . such that the matrix map Q 
is CP, and there exists a Hilbert space 1C, a ^-representation j ■. B ^ B ® J of 
B — C (72) on the Hilbert product Q = H ® 1C, given by an orthoprojector J in 1C, 
such that 


(5.1) {B) = {L >^3 (B) L.r.Zfi: = L*J (B) L. 

Here L = (L, L,) is a strongly continuous operator 27 0 27, —> Q with L = L+, 
L~ = L*, L* = L* which is always possible to make 

(5.2) ( 77 ° 0 e|L77°) = 0, Ve £/Ci, 

where ICi = JIC. If D = —A (2) > 0, then one can make L*L = K -\- in a 
canonical way L = L°, and in addition one can make L*L, = K,, L*L, = /*, 
where I* — IS* for a canonical L, = L° if D ^ —X (/) > 0. 

The proof is given in m- 

Thus we have proved that the equation (E3 for a completely positive quantum 
stochastic flows over B = C {TL) has the following general form 

00 

d.f,{B) + f,{K*B + BK-L*j{B)L)dt= ^ 0, (O (B) L„ - M™) dA” 

m,7i—l 


+ {L*^J {B) L - K*^B) dA+ {L*3 (B) - i?if„) dA!!, 

m—1 n—1 

generalizing the Lindblad form PP for the semigroups of completely positive maps. 
This can be written in the tensor notation form as 

(5.3) dcf, {B) = {B) - *0 {B)) dA)) = cf, (L*j (B) L - 1 (B)) • dA, 

where the summation is taken over all a,/2 = —, o, + and pL,v = —, •, +, jZ (B) = 


B^jX [B), 3 l (B) = 3 (B), (B) = 0 if a 72 /J, (s) ^ B5>f, and L*= 


LJ 






QUANTUM STOCHASTIC SEMIGROUPS AND THEIR GENERATORS 


19 


with is the triangular matrix, pseudoadjoint to L = with 

l-_ = i = lX, 

LI = L„ LX = L, L- = -K„ LX = -K. 

(All other L“ are zero.) If the Hilbert space K. is separable, /Ci = (Ni) for a subset 
Ni C N. Then the equation I5.dll can be resolved as (j)t {B) = V)* (5 (g) It) Vt, where 
y = (unbounded) cocycle on the product PgU with Fock space ^ over 

the Hilbert space L^ (N x R+) of the quantum noise, and It is a decreasing family 
of orthoprojectors in jj, satisfying the stochastic equation dit + = 0 

with Iq = I. The cocycle V can be found from the quantum stochastic equation 
dVt = (LO — I5X)VtdK'X with Vq = I ® I of the form 
(5.4) 

C30 oo oo 

dy* + KVtdt + ^ KMKl = Y, iK- ^C) VtdAX + Y , 

n—1 m,n—l m—1 


where L™ 

and 

Lm 

are the operators in 

T>, defining 


(5.5) 


(B) 

_ \ ^ jk* TDTk 

ip{B) = 

^ L^*BL’^ 




fceNi 


fceNi 



(B) 

= Y^'r^BL^ 

Tn {B) = 

= ^ l'^*blX 




fceNi 


fceNi 

with 


,Lk 

II 

+ 

b 

IV 

0 , and in 

addition 


' k* r k 


- . K = Kn, 

if > 0. The formal derivation of the equation (15.411 from 
(15.311 is obtained by a simple application of the HP Ito formula. The martingale 
Mt, describing the density operator for the output state of A (t, a), is then defined 
as Mt = Vt*Vt. 

The following theorem ensures the existence of a *-representation i : A (t, a) i—> 
A {t, i (a)) := (a) A(^ (f) of the quantum stochastic process (10.211 . commuting with 

Yt = (l)t (B) for all a £ a, H G £ {H), with A = A (0) = 0, in the form 

A (t, i (a)) = i° (a) A° (t) + (a) A+ (t) + (a) A°_ (t) + (a) AX (t). 


Here i= is a ^-representation 


(a*a) = z“ (a*) (a), 




of the Ito algebra a in the operators (a) : > /Cq,, with a domain /Co C /C, /C_ = 

C =/C+, and A^ (t) are the canonical quantum stochastic integrators in the Fock 
space F (A) over A = (K+), the space of /C-valued square-integrable functions on 

r ~\ + 


K+ .We shall extend i to the triangular matrix representation i 



0 =-,°,+ 


on the 


pseudo-Hilbert space C©/C©C with the Minkowski metrics tensor g = \pXp\ = g 
by (a) = 0 = (a), for all a G a, as it was done for a = [a))]((ZZ’*’){), and denote 

the ampliation /©/(j (a) again as (a). Note that if the stochastic generator of the 
form (Oil is restricted onto an operator algebra B Q C (H) with the weak closure 
B = , and all the sesquilinear forms 7 O (H), B £ B commute with the *-algebra 

Ac £(©>), then (H) G 6 . 


Proposition 11. Let 6 = 7 {B) — i (B) satisfy the commutativity conditions 
for all a G a, B G C (7t). Then there exists a -k-representation a i (a) of the ltd 
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algebra a, defining the operators i‘^ {a) : ICg —*■ JCa, with i^(a)* JCa C JCg, where 
K.- = C =/C+, such that L“ (J (g) a^) = (^I ®i^ (a)^ for all a G a. By omitting 
J® this can he written as 


(5.6) L,al = i{a)L,, — K,a\ = i {a) L + i_^_ (a), 

L,a\ = i (a) L + 1 +(a), a~ — K,a\ = i~ {a) L,^ 


where we take the convention i = i^ , i^ = if and i = i°. If (i?)] = 0 for 

all A € A and B G B, where B G_ C {hi) is a *-subalgebra, and B = A'^, then there 

r 1 


exists a triangular -k-representation j 



,°>+ 


of the operator algebra A with 


j° (/) = J such that 
(5.7) 

JLA=j(^)L, [j(A),i(a)] =0, [j (A) ,j (B)] = 0, VA e A, a G a, B e B. 


The proof is given in m even for the general (noncommutative) Ito algebra a. 
Now we are going to construct the quantum stochastic dilation for the flow cff. (B) 
and the quantum state generating function = e [RtW {t, a)] of the output process 
A (t, a) in the form 


cl>^(B)=V:{It®B)Vu Dt{g) = e[V:{Wf®I)Vt], VB G B(B),a G a, 

where Vt is an operator on D into T (.ft) 0 S, intertwining the Weyl operators 
W (t, a) with the operators = W{t,i (a)) It in the Fock space F (.ft), 

dW (t, i (a)) = W {t,i (a)) dA (t, i (a )), W (0,i (a)) = I, 


and It > /s,Vt < s is a decreasing family of orthoprojectors. 

In order to prove the existence of the Fock space dilation, we need the following 
assumptions in addition to the continuity assumptions of this and previous sections. 

1) The minimal quantum stochastic *-flow [2] over the operator algebra A, 
resolving the quantum Langevin equation 

dr* (A) = Tt (j (A) - 1 (A)) • dA, A G A, 

where j (/) = J 0 /, i(A) = I 0 A , constructed by its iterations with 
To (A) = /( 8 )A as it was done in the Sec 4 for the flow is the multiplicative 
flow, satisfying the condition Tt (/) = It ® I, where It is the solution to 
dit = (J - I)°o ItdA° with lo = I. 

2) The operators (e) = (I (g) e*) L^, given for all e G 1/ as {L^, (e) ri\'q') = 

{L^irj\iri' ® e) V 77 G V.ig' G V, are strongly continuous onto V. This is 
necessary for the weak definition of the operators Vt (cr) : J) —> 0 'D^t 

on finite subsets a C [0, t) by the recurrence 

( 00 

LVs {a\s) f’ + Y. LnVs {a\s) (s) 

with Vt(0) = Vf (0), s = maxcr. Here Vf (s) = TfVf_gTs, Vf is the solu¬ 
tion to the equation (14.311 . the operators : V ^ K.®V act on 
as (g)Li,(g)/[s, and tf’^ (s) are the components of fj* (r, s) = tf {t U s), 

where r U s is defined for almost all s {s ^ a) as the disjoint union of the 
single point {s} with a finite subset r G M+. 
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3) The operator-valued function a i—> Vt (a), defined for all such tr S T*, 
is weakly square integrable for each t with respect to the measure da = 
HsgCT sense 

J \\Vt (a) da J 'J ll^‘ 

for all ijj £ D. Thus the operators Vt (•) define a Fock space one Vt : D ^ 
F (^t) They form a cocycle, {a) Vr {a) = Vt (cr), where F/ (cr) = 

I®\<^r\^T*V,{a[r-r)Tr. 

Theorem 12. Under the given assumptions 0)-3) there exist: 

(i) A eoeycle dilation Vt : 33 ^ F (At) ®'D of the minimal CP flow (f>, inter¬ 
twining the Weyl operator W (t, a) with : 

(5.8) 

Vt{I^Wit,a)) = {Wf®I)Vt, cftiB) = v;iIt^B)Vt , Va £ a, B G T (7f), 

where It < h, < s are orthoprojectors in F (.^); 

(ii) A *-multiplicative flow r = (rt) over A in T (A) ® H with the properties 

Tt {I)=It, 

(5.9) 

VtA = Tt{A)Vt, [rt (A), kV“] = 0, [r* (A), J 0 B] = 0, VA G A, a G a, B G S. 

(iii) //A (!) < 0, then one can make Mt = VflVt martingale, and, if \{I) < 0, 
one can make Vt isometric, VfVt = I ■ 

(iv) Moreover, let U = {Ut)^^Q be a one-parametric weakly continuous cocycle 
of unitary operators on F (A)(8)Ff(8>r (€) , satisfying the quantum stochastic 
equation 

(5.10) dUt + {Kdt + K-dhA + K-dh°_) Ut 

= (T;dA+ - /;dA: -G j:dK + J^dA^ + {J° - I°) dA°) Ut 

with Uq = I and the necessary differential unitarity conditions 

K+K^ = L-L% K- = l-j:, j:j: = K- = lzj:, j: = r, - j:j:, 

where L~ = L°^, J* = J°*. If \{I) < 0 and L°^_ = L° is the canonical 
operator in the dilation EH), then 

(5.11) (i/>| (A ® I) rt (B) r = [Ut (<50 ® r I (r“ (A) (/ ® B)) Ut (6^ ® fj)) 
for all A £ A, a £ a, B £ B and any initial tf = rj ® dijj, rj £ V, where 

r (B) = {I®W (t, a)) r (B ), r“ (A) = (Wf ® 7) r* (A). 

This unitary cocycle dilation is valied for any state £ T>®^ if in addition 
J° = L° is the canonical isometry in for the case A (7) < 0. 

Proof. (Sketch). The cocycle V = {Vt)^yQ is recurrently constructed due to the 
above assumptions (l)-(3). It obviously intertwines the Weyl operators (12.411 with 
the operators Wf, acting in the same way in F (A), by virtue of the property 115.(ill . 

Let us denote by Ai = (R+) the functional Hilbert space corresponding to 

the minimal dilation ED sub-space K, = ICi for the CP map <p, given by the 
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orthoprojector J = Ji in the space K.o of the canonical dilation, and its orthog¬ 
onal compliment, corresponding to K-o = JqK-o, where Jo = I — Ji- Representing 
r (^0 © -^i) as r (^o) © r (^i), let us denote by It the survival orthoprojectors 

ItX (o-°, o-^) = (50 ((7?) X ((7°, (7^) , (7t = cr n [0, t), 

where x (c®, cr^) = x (o'® U cr^) £ I (gi I is the set function, representing 

a X G r © ^i). The decreasing family (/i)t>o defines the decay orthoprojectors 
Et = I — It in r (^o) satisfying the quantum stochastic equation dEt = Et Jo ■ dA° 
with Eq = 0, and A° is the number integrator in the Fock space F (^o) over = 
^0 © -^1 • Then one easily find that the minimal CP flow can be represented 
as ct>t (B) = V; (It 0 B)Vt. 

We may also construct by iteration the minimal quantum stochastic =t!-flow t = 
(rt) over the operator algebra A, resolving the quantum Langevin equation by its 
iteration. It is unique if normaliesed t* (I) = It to the solution of the Langevin 
equation for A = I ^ and it is *-multiplicative as in m due to the differential *- 
multiplicativity of j. Then the properties (ICTIl follow from the definition of the 
operators Vt, and can be checked recurrently by use of 15. till and inzzj. 

The cocycle U = (Ut) is constructed to give the unitary solution to the HP 
equation (tmni . which always exists due to differential unitarity relations. If the 
solution is unique as in the case of all bounded coefficients K and L, it can be 
represented in the form of the stochastic multiple integral of the chronologically 
ordered products of the coefficients of the quantum differential equation under the 
integrability conditions given in cni. 

If AT -I- Ri > ip(I), the HP unitarity condition |H] is satisfied for the canonical 
choice = L° and arbitrary isometric operator J°, J'J° = II with K~ = LoJ^, 
K~ = LoJ°, Jo = 1° — T°J*; ii K + > ip{I), in addition we make the 

choice J° = L° from the canonical dilation, and so K~ = LoL° = K,, where 
L* = L°, J* = J^* ■ In the first, subfiltering case A (!) <0 such a choice gives the 
coincidence Ut (S 0 0 i/jq) = V'tV'o stochastic multiple integrals for any initial 

vacuum ipg = r/ 0 Sq, € V, and therefore ||Vt^oll = IIV’oll- Thus Mt = V^Vt 
is a martingale, and the equation 15.1111 is satisfied for any initial ipQ. In the 
second, contractive case A (!) <0 the canonical choice gives Ut (S^ 0 '*/') = V'tV' and 
therefore WVtipW = ||t/’|| for any ip gV0 ^. Thus V^*Vt = I, and the equation (15.1111 
is satisfied for any state ip. | 
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